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Cholesteric energies
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Repeated observations of a uniformly twisted director field in cholesteric liquid
crystals are used to motivate an expression for a free energy which is obtained as
an expansion about this state. Terms quadratic in the director perturbation and
the gradients of this perturbation are retained. Utilizing invariance arguments,
it is possible to obtain significant simplification of the coefficients which appear
in the expansion. A properly invariant form of the free energy is produced which
agrees with the expansion for small excursions about a twisted state, and which
assigns arbitrary values to the non-vanishing coefficients.

The consequences of requiring that a free energy achieve a minimum at a
twisted state are explored. A commonly used form of the free energy for cholesteric
liquid crystals is seen to be rather severely restricted by this requirement. An
alternative to this form is proposed which is a special case of the free energy
previously produced. The particular form suggested attains a unique absolute
minimum at a characteristic uniform twist.

1. Introduction

Liquid crystals are fluids composed of large, relatively rigid, rod-like mole-
cules. At a point the molecules tend to align parallel to one another. The direction
of this parallel will generally vary smoothly from point to point. The existence
of this preferred direction gives rise to the anisotropic behaviour typical of these
materials. For two common types of liquid crystals, nematic and cholesteric, the
molecules are free to translate in any direction, and the material may flow. In the
continuum theory ofliquid crystals, asreviewed by Ericksen (1967 a), the preferred
direction is described by a vector field n(x, ). The vector n is called the director.

The nematic and cholesteric types of liquid crystals are distinguished by
characteristic director orientations which are observed in static equilibrium.
For nematic liquid crystals this characteristic pattern is a uniform parallel
orientation. In liquid crystals of cholesteric type, the equilibrium configuration
often observed is that of a uniform twist. Here, the directors are everywhere
perpendicular to a single direction. In any plane with this direction as a normal
parallel orientation obtains. However, as this normal is traversed, the orientation
changes in an uniform fashion. These ideal orientations, or recognizable distor-
tions of them, are reported to occur in various materials of the same type; and,
apparently, persist in samples of varying size and shape (Robinson, Ward &
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Beevers 1958). As remarked by Ericksen (1966a, 1967a), these considerations
suggest that these configurations are, for the particular type of material con-
sidered, of relatively low energy, and represent states which are, in some sense,
stable.

To solve problems in the static theory for these liquid crystals one frequently
employs a simple form for the free energy proposed by Frank (1958). This form
is essentially obtained as an expansion about a uniform parallel orientation.
Terms linear and quadratic in the director gradient are retained. While this
procedure appears reasonable for liquid crystals of nematic type, it is not
apparent that a free energy derived in this fashion applies to cholesteric liquid
crystals. Here, we use the observations of the twisted equilibrium state in
cholesteric liquid crystals as the basis for developing a quadratic free energy
governing small excursions from this state. The occurrence of the basic twist and
this quadratic energy are together used to motivate a general form of the free
energy which may characterize liquid crystals of cholesteric type.

2. Governing equations

We consider the hydrostatic theory of liquid crystals as presented by Ericksen
(1962 a) and Leslie (1968, b). We assume that the director n(x), which describes
the orientation of the liquid crystal, is of fixed length and satisfies the normaliza-
tion condition n.n=1. (2.1)

Also, the liquid is considered to be incompressible. In the static theory, the
energy density W, interpreted as the Helmholtz free energy per unit volume, is

of the form, W = W(n, Vn). (2.2)
It is required that this energy remain unchanged when the material is rigidly
rotated. Thus, W(Rn, R VnR?) = W(n, Vn) (2.3)
where RT=R-! and detR=1. (2.4)

Then, derivatives of W with respect to n and Vn transform as tensors of the
appropriate order.
As Fricksen (1961) indicates, a consequence of (2.3) is

By,=mn B_I/K_{_n oW +n ow

i = M a,nj ik anj, i k, 1 3”;;,;-

For liquid crystals of cholesteric and nematic type, n and —n are physically
indistinguishable ; thus,

- B, (2.5)

W(n,Vn) = W(—n, —Vn). (2.6)
For liquid crystals of nematic type W is further restricted to remain invariant
under both proper and improper rotations.
Using Leslie’s work, we may write down expressions for the stress t and the
couple stress | which apply in a static isothermal state:

b = _paik_wjknj,i'l'(/‘Lejuknuni),jv (2.7
lik = € nu(ka + Heuip np)’ (2- 8)

where wy, = 0W [on,; 4, (2.9)
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J is a material constant, and the pressure p is an arbitrary function of position.
At material boundaries, the surface force Fis given, in terms of t and the outward
normal to the boundary v, by

F, = tyvy; (2.10)

and L, that portion of the surface moment which is independent of the surface
force, is, in terms of | and v,
L,[ = .,:ka. (2.11)

When external influences are absent, the equilibrium equations are

b =0 (2.12)
a/nd wik,k— (g) = A'n.i. (2.13)

Here, the director tension A, is an arbitrary function of position. Equation (2.12)
is satisfied if n is a solution of (2.13) and the pressure is given by

p+ W = a = const. (2.14)

3. A quadratic free energy
Ericksen (19675) has proved that the director field
n; = N, = (cos @, sin6, 0), (8.1)
with 6 = bx;+ec, (3.2)

and b and ¢ arbitrary constants, is a general solution of (2.13). That is, for some
choice of A, the field (3.1) is a solution of (2.13) for any W which satisfies (2.3).
Motivated, then, by the natural occurrence in cholesteric liquid crystals of
equilibrium configurations resembling the field (3.1), we propose a free energy F
obtained by expanding W about this uniformly twisted state. We write

ni = M"'u,‘ (3.3)

and N, = Ny g+ %, g (3.4)
where N is given by (3.1).
Then, in terms of N and u, the constraint (2.1) is

2N, u, +u,u, = 0. (3.5)
In the expansion we retain only terms linear and quadratic in u and Vu. Thus
F = A0+ APu;+ AR, 1+ AQu up+ Ag%“i%’, 2 +AS§?')kpui,juk,p‘ (3.6)

Here, for example,

1 oW
@ _ = — AP®
Aik 2 aNL 3Nk Asm (3 7)
1 oW
and Ai?}cp = 2 2N, jaNk » = Alfz)zif’ (3.8)
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where derivatives shown with respect to N and VN indicate derivatives taken
with respect to n and Vn evaluated at the state (3.1). For the remainder, we
assurme, without loss of generality, that

A® =0, (3.9)

4, Invariance arguments

We use the invariance arguments of Ericksen (19675) to determine the non-
vanishing coefficients in the expansion (3.8).
For the field (3.1), W reduces to a function of

0 =bxy+c (4.1)
, do
and 0 = dz, =b. (4.2)

We assume b + 0.

Changing ¢ in (4.1) amounts to a rigid rotation (2.4) of the material about the
xs-axis. Because by (2.3) W is invariant under these rotations, it must be inde-
pendent of @; hence,

W = W) = W) (4.3)
The quantity
oW oW

transforms as a scalar under rotations about the z;-axis; then, by the same
argument,

v oW

faa, = L) (4.5)

Obviously, similar results obtain for combinations of N, VN and the higher
derivatives of W which transform as scalars under rotations about the x;-axis.
However, an immediate simplification oceurs for those combinations in which the
index 3 is repeated an odd number of times.

Consider a 180° rotation about the xz;-axis; then, for example,

oW |[oN; = k(N,N’) = k(—N, —N'). (4.6)
However, a 180° rotation about N’ gives

E(N,N') = —Ek(N,N"), 4.7)

oW M _
S0 N, =AY =0, (4.8)
N AL =0, (4.9)
NAY = NAQ = 0, (4.10)
N AN, = 0, (4.11)
NAY = (4.12)
NN, N} A, = MN,-N,;A%J, = NN, N, A, = (4.13)
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NN, N; A%, = NN, N} AY, = N,N,Nj, A, = 0, (4.14)
N,N; A, = N;N; A% = N,N; A, = o, (4.15)
NiNjAS, = NN AB) = N’N’Ag; =0, (4.16)
N;A%?a = N"Agligs = N;A&ai = (4.17)

Ay = (4.18)

N,N,N, N, A%),,, = N-N-NkN’ AP, =0, (4.19)
N;N;N,N,AS,, = N;N;N, N, A, = (4.20)
N, NN, Ay, = N;N; N, AS), = 0, (4.21)
NN N ADy = NN/ N, Ay = 0, NN} N; AD), = NN’NkAJwC =0, (4.22)
NiN;AGhs = NNj A = N, N; AR, = (4.28)
NiN;AGs = NiN; AR5 = N’-N-A%’sj = 0, (4.24)
N;AGhs = N; Als = (4.25)

Another of Ericksen’s (19675b) arguments yields additional information about
the remaining coefficients. The vector

oW oW

’l) = €, .::6‘. —_—
ijk 3N m, 13k 8Nm,k

N,, = v,(N,N’) (4.26)

is, according to (2.6), unaffected if the signs of N and N’ be reversed. Such a
change, combined with a 180° rotation about the z,-axis, leaves N and N’
unaltered, but should take v — —v. Thus,

v(N,N') = —=v(N,N’) = 0; (4.27)
0 € N AB) = (4.28)
A repetition of the argument gives
€z N Al = 0. (4.29)
A consequence of (4.28) and (4.29) is
AP =0, (4.30)

where Greek subseripts take the values 1 and 2.
In the same fashion, we obtain

€pis N N;AG, = 0, (4.31)
and €pa N; N; AL, = 0. (4.32)
Repeating the argument as often as necessary gives
A, =0. (4.33)
Finally, the observation that
eatm Vi N AGhe = 0, (4.34)
and pkaN N, ALy, = (4.35)

leads to ALy = ARp = 0. (4.36)
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Still further restrictions on the coefficients may be obtained by utilizing the
identity (2.5) or the identity differentiated with respect to n or Va. Thus, (2.5)
combined with (4.8) and (4.30) gives

AR = (4.37)
Differentiating (2.5) with respect to n and using (4.8), (4.18) and (4.33), we find
that
W , W
Caap (N“ oN,oN, P Ve aw, e, 3) 0, (4.38)
ow o*W 2w
“apy (‘M on, t Ve e, Ve e, ) =0 (4:39)
W W
Noonaw, * Voo on, ;= (4.40)
ow W 4
and aN. N“@N aN, +Np oN,2N,, = 0. (4.41)
From (3.1) it follows that
beag, Ny = N,, (4.42)
eaﬁaN = bN,, (4.43)
and N, = —b2N,, (4.44)
with (4.42) and (4.43), (4.38) and (4.39) are
2N, AR —~b2N, A%, = 0 (4.45)
and beg,p AP + 2N AG - 02N, AU = 0. (4.46)
Equation (4.40) implies that
A8 =0 (4.47)
and ARy =0, (4.48)
with (4.47), (4.45) gives
N, A% = o. (4.49)
Upon taking the inner product of (4.46) with N’, we find
— DN, AP + N, Nz248) — AN Ny ALY = 0. (4.50)
The inner product of (4.41) with N is
N, AP — 248 + N, N; AfY, = 0. (4.51)

Differentiating the identity (2.5) with respect to Vn, and utilizing the information
already determined, we obtain

N3N, A5 — 202N, N, AS)s + Ny A = (4.52)

N, Ny A“’l +N’Af,1g 262N, N, ARz = (4.53)

—ZN;Afﬂ’aa—& AZ+2N, A8, — N, A(‘?s yﬁAff?) = (4.54)

—NﬁA§ — 2N, AGhs = (4.55)

—Ny AR, — 2N AGhs = 0, (4.56)

and AY+ A — 2N, AQhs+ 2N Ay, = 0. (4.57)
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Equations (4.55) and (4.56) require

Ay =0, Afh =0, (4.58)
and Ag}?‘?a =0, A§5a)33 =0, (459)
respectively.

Last, the equation of motion (2.13) is, with the restrictions already obtained,
Ny AQ)— 202N, AG)ps — AD = AN, (4.60)

Respecting the identities
b23aﬂ = szaNﬂ'i‘NéN:g (4.61)
and bég,p = N, N;y— N} N, (4.62)

we find that the most general forms for the coefficients which are compatible with
the restrictions (4.8)-(4.25), (4.30), (4.33), (4.36), (4.37), (4.47)—(4.51), (4.52)~
(4.54), (4.57)—(4.59) and (4.60), are
AP = alN, AP =0, (
Az(z2/3 =0, A‘ErZS) = ﬂlN;: A%?z) = ﬂzN(;’ Ag‘l%l) = 0, (
245) = Y1 Ny Np+7,N, N, (
AR =0, AR =[0, 248 =b%y,, (
Affl} = 0, (4.67
Ag‘}}m = é‘lNﬂN;+62N,'3Na, (
Ay = 83N, Ng+0,N; Ny, (
Aﬁfga =0, N,Ny+ 0, N, N, (
Aga)s =[0, A:(«)%L)a = O, A%)a = 0: A:(343)3 = 0’ (
2‘4;5/;7;: elNaNﬂN},Nﬂ+s2N;N;NﬁN” +53NGN},N,}N;L
+e4(N‘,NﬁN;N;+N},NﬂN;N/'3)+55(N;N;‘NﬂN},+N,'9N;NaNIL)

+e Ny Ny N, N, (4.72)

Ag%‘w =0, A,‘;"Qw =0, (4.73)

248 = &, N, Ny+egN, N, (4.74)

24555 = ¢ N, Ny+e,0N, Ny, (4.75)

248, = e Ny Ny+€,, N, Ny, (4.76)

24505 = €3 Ny Ny +e,,N, Ny, (4.77)

and Ay =0, ALk =0, APk =c¢;. (4.78)
Here, a —b%y,; + b2 = 0, (4.79)
a—by, + b2, = 0, (4.80)

— b2 +b%s+a+A =0, (4.81)

Oy— €+ P, =0, (4.82)

dg—€g+pf, =0, (4.83)

fi+8,—b%, = 0, (4.84)

Bo+0; — b = 0, (4.85)
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€14— 0%, =0, (4.86)
B1+ B+ b5 —bleg = 0, (4.87)
and b1+ fo+ b33 —g = 0. (4.88)

The coefficients a, §., ¥., 8., and &. are functions of b.

If the representations (4.63)~(4.78) are used in (3.6), the relations (4.79)-(4.88)
taken into account, and the constraint (3.5) utilized, after rearrangement and
simplification, we may write the expansion for F, in an arbitrary Cartesian
co-ordinate system, as

F = 31N %, i+ Bo i sy, 1+ 30580, Ny, sy + 8o Ny Ny
2[b_2 :31+82 N Nk mNN +EGN k mN',sz,s
+57N' Nk p+181b 2NleNm J'N 1J+EQ( i,kNp,a'_,_Nk,i‘ZVj,}))
+ B AN N, N, ; N, o+ N N, N, o N ) +euN; i N,
+81,0 2N, N, N,,, ; N,,, 1.+ (b%g — :31"':32) (M,kNi,p"'Nk,in,j)
+EGN 1.1Vm kN N p] uq, Juk pn* (489)

In order to establish that we have exhausted the arguments limiting the
coefficients which appear in (4.89), it is necessary to produce an energy W which
assigns arbitrary values to the coefficients which remain. Such an energy is, for

example,
W Bl 7,]kn nlc 7+BZ(€’ijn nk J) +B nq, Kty 7

1,07
+ By, 1) + By Grep Gpi+ B Gy G €rst 1 1y
+ B7 kaepst nt, 8 Gki eiuvnv, u + BS(ka ka)za (490)
where Grp = 3(ng, ,+ 1y 1), (4.91)

5. A general energy

Here we explore the consequences of requiring that the energy W achieve a
minimum at the twisted state. This requirement is consistent with stability
criteria which result, by arguments analogous to Ericksen’s (19668), from the
dynamical equations and the entropy inequality.

The attainment of a minimum necessitates that, at this state, the first variation
of W vanish o 6W 6W oW ‘.

DA AL (5-1)
Here, the allowed variations én and 6Vn are, according to the constraint (2.1),
those for which

n;0n; =0 (5.2)
and n;  On,+n,0n; ;. = 0. (5.3)
We satisfy (5.2) and (5.3) by introducing the infinitesimal rotation vector ,
so that Oy = €4y O, N, (5.4)
and 0k = € ipg( Qp, 1k Ny + Qu N, ). (5.5)
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Utilizing (5.4), (5.5) and the identity (2.5), we may write the condition (5.1) for
an extremum of W in the form,

ow oW

OW = g, iN, o NVp, i Q5+ €53 Ny oe— oN,., Q; ,=0. (5.6)

Because € and VL are arbltrary, (5.6) requires that both

ow
iji ———aNp,kNp’i = 0 (5.7)
oW
and i Ny 37— T = 0. (5.8)
In terms of the coefficients in the expansion (3.6) the restrictions (5.7) and (5.8)
are

€ AN, » (5.9)
and €ipq Ny A( (5.10)
which necessitate that B = fs=0. (5.11)

It might be pointed out here, that for a form of the free energy for cholesteric
liquid crystals proposed by Frank (1958),

W = kyy(ny 1)? + K€y M, 5+ 20)2 + Kag (M, 1014, )
— (kog + k2q) [(n4, )2 — 1y, P> (5.12)
the conditions (5.7) and (5.8) are fulfilled only if

b=t, (5.13)
and (koo +kgyq) = 0. (5.14)
Although, for reasons given by de Gennes (1968a) and Ericksen (1962b), the term
multiplied by (k,, + k5,) in (5.12) does not affect the equilibrium equations (2.13),
the restriction (5.14) seems sufficiently severe to motivate an attempt to obtain
an alternative to (5.12).

Resuming consideration of the general case, in order that the extremum
achieved at the twisted state be a minimum, it is necessary that the inequality

Erunt [ Ny (N, AR + N, Am)+N N, A19,Q,
PN N AD N, (ABh) @y @+ NN A 2, D 33 0 (5.15)

€ing

obtain. Thus, we may employ the 1nequa11ty (5.15) and the representations (4.63)—
(4.78) to restrict the quantities @, y., 8., and £.. Here, however, we use an equi-
valent method which seems more direct.

At a point, we choose a co-ordinate system so that

N, = (1,0,0) (5.16)

and N; = (0,b,0). (5.17)
Then u is arbitrary; but, as a consequence of (3.5),
0 0 —bu,

Ui = | U Uga Uy |5 (5.18)

Ugy Uge  Ugg
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with an error that is quadratic in u and Vu. Using (5.16), (5.17), (5.18) with (5.11)
in (4.89) we obtain

2F = 8y(bug + g))? + bleg(ugy + Usg)® + b%(e uds + 269 Ugg Ugp + €15 UFp) + €025, (5.19)

Henee, W is a minimum at the twisted state if and only if

Bi=PB=0, (5.20)
with 0,20, g§20, £,2>0, (5.21)
and &3>0, g,>0, e5—eg,; <0. (5.22)

Consider a particular form of the free energy W given by (4.90):
2W = al(eukn nk J +t) +a2nz hnknz i) p+a3(nk, k)
+ 20 (G G o — 3 (s i1, 5 +1)
+(Z5G i €igne Nk, 5 Gptetrsn.s » T “G(kaka - %tZ)Z_ (523)
If the material functions «. in (5.23) obey

20, a;20, a;=20, (5.24)
g+, >0, af—asa, <0, (5.25)
then the energy W achieves a unique absolute minimum in a twisted state (3.1)

with characteristic twist ¢ = b. Also, if we calculate the appropriate derivatives
of W and evaluate them at this minimum, we find

0y =y, € =0y, Eq =yt 2 (5.26)
€, = a 12— 20,071 + 4oy, (5.27)

g = —ay t72 4+ 20,87L, (5.28)

€19 = Qo+ gl. (5.29)

Notice that, as is to be expected, (5.24)—(5.25) and (5.26)—(5.29) ensure (5.21) and
(8.22). Comparison of (5.23) with (5.12) indicates that W contains those parts of
W which are consistent with the attainment of an extreme in the twisted state.
Furthermore, with the identification (5.26)—(5.29), the free energy (5.23) is a
properly invariant generalization of the expansion (3.6) when that expansion is
performed about the characteristic, stable twisted state of the material. Finally,
it should be noted that the presence of the term multiplied by the coefficient «,
allows this free energy to distinguish, for example, between increasing and
decreasing the twist about the characteristic state.

These features of the free energy (5.23) suggest that it is a general form of free
energy applicable to cholesteric liquid crystals. We present it here as an alter-
native to the form (5.12) proposed by Frank. The analysis of de Gennes (1968b)
and the experiments of Durand ef al. (1969) indicate that, in one case, the use of
(5.12) will yield predictions consistent with observation. However, when more
detailed experimentation is performed, the need for such an alternative may
become apparent.

I am indebted to Professor J.L. Ericksen for his critical interest during the
course of this research. This work was supported by the National Science
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University in conformity with the requirements for the degree of Doctor of
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